Abstract. We extend the Euler's totient function (from arithmetic) to any irreducible subfactor planar algebra, using the Möbius function of its biprojection lattice, as Hall did for the finite groups. We prove that if it is nonzero then there is a minimal 2-box projection generating the identity biprojection. We explain a relation with a problem of K.S. Brown. As an application, we define the dual Euler totient of a finite group and we show that if it is nonzero then the group admits a faithful irreducible complex representation. We also get an analogous result at depth 2, involving the central biprojection lattice.
Introduction
Any finite group G acts outerly on the hyperfinite II 1 factor R, and the group subfactor (R ⊆ R ⋊ G), of index |G|, remembers the group [5] . Jones proved in [6] that the set of possible values for the index |M : N | of a subfactor (N ⊆ M ) is
By Galois correspondence [13] , the lattice of intermediate subfactors of (R ⊆ R⋊G) is isomorphic to the subgroup lattice of G. Moreover, Watatani [21] extended the finiteness of the subgroup lattice to any irreducible finite index subfactor. Then, the subfactor theory can be seen as an augmentation of the finite group theory, where the indices are not necessarily integers. The notion of subfactor planar algebra [8] is a diagrammatic axiomatization of the standard invariant of a finite index II 1 subfactor [7] . Bisch [2] proved that the intermediate subfactors are given by the biprojections (see Definition 3.1) in the 2-box space of the corresponding planar algebra. The recent results of Liu [12] on the biprojections are also crucial for this paper (see Section 3). The usual Euler's totient function ϕ(n) counts the number of positive integers up to n that are relatively prime to n. Let G be a finite group and µ the Möbius function (see Section 4, Definition 4.1) of its subgroup lattice L(G). Hall proved in [4] that the Euler totient of G (defined below) is the cardinal of {g ∈ G | g = G}.
ϕ(G) :=
H∈L(G) µ(H, G)|H|
So if ϕ(G) is nonzero then G is cyclic, and ϕ(C n ) = ϕ(n). This implication will be generalized in Section 5, as the author did with Ore's theorem in [15, 16] . Let P be an irreducible subfactor planar algebra and µ the Möbius function of its biprojection lattice [e 1 , id]. We use notations of Definition 3.3. Let the Euler totient of P be ϕ(P) := b∈ [e1,id] µ(b, id)|b : e 1 |.
Theorem 1.1. If ϕ(P) is nonzero then P is w-cyclic (i.e. there is a minimal 2-box projection generating the identity biprojection).
Then, for any finite group G, by considering P(R G ⊂ R), we get that if the dual Euler totientφ (G) :=
is nonzero then G has a faithful irreducible complex representation. It is a dual version of the initial implication. As a general application, we get a non-trivial upper bound for the minimal number of minimal central projections generating the identity biprojection. By applying this result to any finite group G, we deduce a non-trivial upper bound for the minimal number of irreducible components for a faithful complex representation of G. It involves the subgroup lattice and indices only. It is a link between combinatorics and representations in finite group theory. These results were not known to group theorists and the author can provide a group theoretical translation of the proofs as he did in [17] for the dual Ore's theorem. This path of research conducts to (Section 6) a generalization of a problem of K.S. Brown (considered hard in [19] ) and to a possible counter-example of Watatani's problem [21] on whether any finite lattice has a biprojection lattice representation.
We finally prove an additional result for the irreducible subfactor planar algebras of depth 2, involving the central biprojection lattice. The dual group case recovers a known result involving the normal subgroup lattice.
Basics on lattice theory
A lattice (L, ∧, ∨) is a poset L in which every two elements a, b have a unique supremum (or join) a ∨ b and a unique infimum (or meet ) a ∧ b. Let G be a finite group. The set of subgroups K ⊆ G forms a lattice, denoted by L(G), ordered by ⊆, with 
We refer to [20] for more details.
Subfactor planar algebras and biprojections
For the notions of subfactor, subfactor planar algebra and basic properties, we refer to [7] [8] [9] . See also [14, Section 3] for a short introduction. Let (N ⊆ M ) be a finite index irreducible subfactor. The n-box spaces P n,+ and P n,− of the planar algebra P = P(N ⊆ M ), are N ′ ∩ M n−1 and M ′ ∩ M n . Let R(a) be the range projection of a ∈ P 2,+ . We define the relations a b by R(a) ≤ R(b), 
([2] p212). A projection b ∈ P 2,+ is a biprojection if and only if it is the Jones projection e
Therefore, the set of biprojections is a lattice of the form [e 1 , id]. 
Definition 3.3. Consider the intermediate subfactors
N ⊆ K 1 ⊆ K 2 ⊆ M , and let b i ∈ [e 1 , id] be the biprojection e M Ki . We define P(b 1 , b 2 ) := P(K 1 ⊆ K 2 ) and |b 2 : b 1 | := tr(b 2 )/ tr(b 1 ) = |K 2 : K 1 |.
Definition 3.6 ([15]). A planar algebra P is weakly cyclic (or w-cyclic) if it satisfies one of the following equivalent assertions:
• ∃u ∈ P 2,+ minimal projection such that u = id, • ∃p ∈ P 2,+ minimal central projection such that p = id.
Euler totient
We define a notion of Euler totient on the irreducible subfactor planar algebras as an extension of the usual Euler's totient function on the positive integers. 
The following result can be seen as a Boolean representation for the Möbius function of a finite lattice.
Theorem 4.2 (Crosscut Theorem)
. Let L be a finite lattice and a 1 , . . . , a n its coatoms. Consider the (order-reversing) map m : B n → L such that 
Remark 4.4. LetP be the dual subfactor planar algebra of P. Then
because the biprojection lattice ofP is the reversed from that of P.
Lemma 4.5 ([4]). The Euler totient of a finite group
Proof. By Theorem 4.2 with its map m : B n → L(G),
Then, by the inclusion-exclusion principle, ϕ(G) = |G \ i m({i})|.
Corollary 4.6. A finite group G is cyclic if and only if ϕ(G) is nonzero.
Proof. If G is cyclic then G = C n for some positive integer n, and ϕ(G) = ϕ(n) = 0. Conversely, if ϕ(G) = 0, then G is cyclic by Lemma 4.5.
Note that ϕ(P(R ⊆ R⋊ G)) = ϕ(G) and ϕ(C n ) = ϕ(n), the usual Euler's totient function of n. Thus, we can see P → ϕ(P) as an extension from the positive integers to the irreducible subfactor planar algebras. The following proposition extends the usual formula that if n = i p ni i is the prime factorization of n, then
id] then |b : e 1 | = |b : t| · |t : e 1 |, since the index is multiplicative [6] .
Main result
In this section, we generalize one way of Corollary 4.6 by the following theorem. We will see later with Remark 7.12 that the converse is false in general. 
Recall that the map m is order-reversing and the image of the atoms of B n are the coatoms of [e 1 , id]; let call these latter ones b 1 , . . . , b n . Let A i be the set of atoms α of B n satisfying p i ≤ m(α), and B i the set of atoms not in A i . Let α i (resp. β i ) be the join of all the elements of A i (resp. B i ).
Proof: Just observe that p i ≤ j∈α b j if and only if ∀j ∈ α, p i ≤ b j . Now by Remark 2.1, we have
Consider the following sum
So we get that
Claim It is a double generalization of [1, Theorem 3.10] from groups to subfactors and from Boolean lattice to any lattice. It is also a purely combinatorial criterion for a subfactor planar algebra to be w-cyclic.
Generalization of a problem of K.S. Brown
We will explain how this path of research conducts to a generalization of a problem of K.S. Brown in finite group theory and to a possible counter-example of the problem of Watatani on representing any finite lattice as a biprojection lattice. Proof. First of all, |b : e 1 | = tr(b)/ tr(e 1 ) and tr(e 1 ) = δ −2 , so
By Theorem 4.2 with its map m : B n → [e 1 , id],
but every biprojection is central, so by the inclusion-exclusion principle
It follows that the converse of By Theorem 5.1, a proof of Conjecture 6.2 would be stronger than [16] . This conjecture can be seen as the Boolean restriction of the following planar algebraic generalization of a problem of K.S. Brown (considered hard in [19] ):
Conjecture 6.4. Let P be an irreducible subfactor planar algebra. Then its Euler characteristic (defined below) is nonzero.
χ(P) := − b∈[e1,id] µ(b, id)| id : b|
Gaschütz proved the usual Brown's problem, i.e. for P(R ⊆ R ⋊ G), if G is solvable.
It is an extension of Conjecture 6.2 because by Remark 4.4, χ(P) = ±ϕ(P) if [e 1 , id] is Boolean (of rank n), because then µ(e 1 , b) = (−1) n µ(b, id). This last equality holds more generally for any Eulerian lattice, which is a graded lattice such that µ(a, b) = (−1)
|b|−|a| for a ≤ b, with a → |a| the rank function. This leads us to: 
with G ′ the commutator subgroup of G and |G : G ′ | 0 the square-free part of |G : G ′ |. Then |G| = |G : G ′ | 0 , and so G ′ = 1. It follows that G is abelian with |G| squarefree, so G is cyclic of square-free order and L(G) is Boolean.
It is unknown whether Proposition 6.6 extends to any interval. This leads us to:
Question 6.7. Is there an irreducible subfactor planar algebra with a non-Boolean Eulerian biprojection lattice?
It is unknown whether any finite lattice admits a biprojection lattice representation [21, 22] , even in the group-subgroup case, so the smallest non-Boolean Eulerian lattice (the face lattice of the square polytope, below) could be a counter-example.
Applications
We will deduce a non-trivial upper bound from Theorem 5.1 providing a link between combinatorics and representations in finite group theory by translating. 
Definition 7.1. The Euler totient of an interval of finite groups
Proof. A subset {g 1 , . . . , g n } is generating iff there is an ordered chain of subgroups
So, the minimal cardinal for a generating set of a finite group G depends only on the subgroup lattice and indices (known to [4] ). We will generalize Corollary 7.3 by a non-trivial upper bound. Let P be an irreducible subfactor planar algebra. 
Proof. Consider a chain as above. By Theorem 5.1, P(b i , b i+1 ) is w-cyclic, so by Lemma 7.4, there is a minimal projection u i+1 ∈ P 2,+ such that b i+1 = b i , u i+1 . It follows that u 1 , . . . , u ℓ = id.
We deduce weak dual versions of Corollaries 7.2, 4.6 and 7.3, giving the link between combinatorics and representation theory:
Definition 7.7. Let W be a representation of a group G, K a subgroup of G, and X a subspace of W . Let the fixed-point subspace be
and the pointwise stabilizer subgroup be Proof. It follows from Corollary 7.10 because
It is a purely combinatorial criterion for a finite group to have an irreducible faithful complex representation. 
Proof. Consider a chain as above. By Corollary 7.5 applied to P(R G ⊆ R), we have u 1 , . . . , u ℓ = id, with u i minimal projection. Let p i be the central support of u i . Then p 1 + · · · + p ℓ = id. But the coproduct of two minimal central projections is given by the tensor product of the associated irreducible representations of G [16, Corollary 7.5] . So by Definition 3.4 and Theorem 7.13, the representation
Note that Corollary 7.14 extends to any finite dimensional Kac algebra as for [16, Remark 6.14] . It can also be improved by taking for H 0 any core-free subgroup of H 1 (instead of just {e}), thanks to [16, Lemma 6.13] . In particular:
Corollary 7.15. A finite group G admits a faithful irreducible complex representation if there is a core-free subgroup H < G withφ(H, G) nonzero.
This criterion is more efficient than Corollary 7.11 (consider for example G simple), but it is no more purely combinatorial. We can prove an additional result in the depth 2 case (involving the central biprojection lattice) coming from the fact that the irreducible depth 2 subfactor planar algebras correspond to the Kac algebras [10] . Note that the group subfactors are depth 2, since the group algebras are examples of Kac algebras. Theorem 8.1 (Splitting, [10] p39). Let P be an irreducible depth 2 subfactor planar algebra. Any element x ∈ P 2,+ splits as follows: (2) and x = x (1) x (2) Note that ∆(x) = x (1) ⊗x (2) is the sumless Sweedler notation for the comultiplication of the corresponding Kac algebra. Proof. This diagrammatic proof by splitting is due to Vijay Kodiyalam. The above equality can be proved directly from the content of the page 97 in [18] .
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